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4.7. Solution. T is linear: ∀α, β ∈ R, ∀x1(t), x2(t) ∈ C[0, 1],∀t ∈ [0, 1],

T (αx1 + βx2)(t) =

∫ 1

0

k(t, u)(αx1(u) + βx2(u)) du

= α

∫ 1

0

k(t, u)x1(u) du+ β

∫ 1

0

k(t, u)x2(u) du

= αT (x1)(t) + βT (x2)(t).

Therefore, T (αx1 + βx2) = αT (x1) + βT (x2).

T maps C[0, 1] to C[0, 1]: For any x(t) ∈ C[0, 1], there exists M > 0 such that |x(t)| ≤M, t ∈ [0, 1].

∀t0 ∈ [0, 1],∀ε > 0, since k(t, u) is continuous on [0, 1]2, there exists δ > 0 such that if |t− t0| < δ

and t ∈ [0, 1] then |k(t, u)− k(t0, u)| < ε

M
. Then whenever |t− t0| < δ and t ∈ [0, 1] we have

|Tx(t)− Tx(t0)| =
∣∣∣∣∫ 1

0

k(t, u)x(u) du−
∫ 1

0

k(t0, u)x(u) du

∣∣∣∣
≤
∫ 1

0

|k(t, u)− k(t0, u)| · |x(u)| du

<

∫ 1

0

ε

M
·M du = ε.

Therefore, Tx is a continuous function on [0, 1].

4.9. Solution. ∀x ∈ lp,

‖Tlx‖p =

(
∞∑
k=2

|xk|p
) 1

p

≤

(
∞∑
k=1

|xk|p
) 1

p

= ‖x‖p.

So we have that Tl is bounded and ‖Tl‖ ≤ 1. Take x = e2 = (0, 1, 0, 0, · · · ) and we can get

‖Tlx‖p = ‖(1, 0, 0, · · · )‖p = 1 ≤ ‖Tl‖‖x‖p = ‖Tl‖.

Therefore, ‖Tl‖ = 1.

Similarly,

‖Trx‖p =

(
0p +

∞∑
k=1

|xk|p
) 1

p

=

(
∞∑
k=1

|xk|p
) 1

p

= ‖x‖p.

It follows that Tr is bounded with ‖Tr‖ = 1.

4.10. Solution. Let y ∈ X̃, there exists a sequence {xn} ⊂ X such that xn → y. Then we
have ‖f(xm)− f(xn)‖ = ‖f(xm − xn)‖ ≤ ‖f‖‖xm − xn‖. Since convergent sequences are Cauchy,
‖xm − xn‖ → 0 as m,n→∞. This implies that {f(xn)} is Cauchy and lim

n→∞
f(xn) exists.



2

Define f̃(y) = lim
n→∞

f(xn). We claim that f̃ is well defined. Suppose {yn} is an arbitrary sequence

such that yn → y. Then ‖f(yn)− f(xn)‖ ≤ ‖f‖‖yn − xn‖ → 0 as n→∞. This implies

lim
n→∞

f(yn) = lim
n→∞

f(xn) = f̃(y).

f̃ is linear: ∀x, y ∈ X̃,∀α, β ∈ R, there exist sequences {xn}, {yn} ⊂ X such that xn → x, yn → y
as n→∞. Clearly αxn + βyn → αx+ βy. Therefore,

f̃(αx+ βy) = lim
n→∞

f(αxn + βyn) = α lim
n→∞

f(xn) + β lim
n→∞

f(yn) = αf̃(x) + βf̃(y).

f̃ |X = f : ∀x ∈ X, choose {xn} = (x, x, · · · ) and then xn → x. So that

f̃(x) = lim
n→∞

f(xn) = lim
n→∞

f(x) = f(x).

f̃ is bounded: for any y ∈ X̃, we have∣∣∣f̃(y)
∣∣∣ ≤ lim

n→∞
|f(xn)| ≤ lim

n→∞
‖f‖‖xn‖ = ‖f‖ lim

n→∞
‖xn‖ = ‖f‖‖y‖.

f̃ is unique: Suppose there is another extension f1. Then

f̃(y) = lim
n→∞

f(xn) = lim
n→∞

f1(xn) = f1(y).

Finally, let n → ∞ in ‖f(xn)‖ ≤ ‖f‖‖xn‖ and we get ‖f̃(y)‖ ≤ ‖f‖‖y‖. Hence ‖f̃‖ ≤ ‖f‖. It’s

clear that ‖f̃‖ ≥ ‖f‖ because the norm, defined as a supremum, must be non-decreasing in an

extension. Together we have ‖f̃‖ = ‖f‖.


